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Abstract. 

We analyse the parity-odd (“type P”) surface anomalies of the energy-momentum tensor correlators in 
conformal field theories, with an emphasis on d = 4 and d = 3 dimensional spacetimes. Using cohomology 
analysis we construct the expression for the most general P-type surface trace anomaly on a singular 2- 
dimensional surface in 4-dimensional bulk spacetimes. As an important example, we specialise to the case 
when the singular surface is a conical defect and show that the bulk P-type Pontryagin trace anomaly 
induces such a surface trace anomaly. We show that this conical type P surface trace anomaly is given 
purely by the outer curvature tensor. In addition, we analyse parity-odd surface contact terms in energy- 
momentum tensor correlators in the flat spacetime induced by the conical defect by studying two special 
cases in which the contact terms are induced by, (1) type P trace anomaly in d = 4 and, (2) gravitational 
Chern-Simons Lagrangian term in d = 3 spacetime dimensions. In both cases we show that the surface 
contact terms appear in correlators of the lower rank than the corresponding bulk surface terms. 
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1 Introduction 


It is known that when a quantum field theory is defined on the curved spacetime, an expectation value 
of the energy-momentum tensor may receive quantum corrections in the form of local terms. Some of 
these terms break classical symmetries of the theory, the well-known example being the trace (also called 
Weyl) anomaly in conformal field theories in even number 2k of the spacetime dimensions [IHB]: 

<W> S = A(x) (1) 

Here is the energy-momentum tensor of the theory, and A is the trace anomaly which is generally 
some combination of monomials of fc-th order in the Riemann tensor. The terms in the anomaly A are, 
therefore, local covariant expressions constructed from the background metric g the Riemann tensor 
and covariant derivatives^ A may come in three types: type A which is the fc-th Euler invariant, type B 
which consists of contracted tensor products of the Weyl tensor, and type P consisting of exterior products 
of the Riemann curvature two-forms. The types A and B are parity-even, while type P is parity-odd and, 
although allowed by consistency conditions, was until recently usually neglected in the literature. 

Last decade witnessed a renewed interest in gravitational mechanisms of CP violation, see e.g., COT, 
including studying possibilities and consequences of the appearance of the type P anomalies mmm- 
Indeed, in nanu an old result of m was rederived and it was shown that in 4-dimensional quantum 
field theories with chiral fermions in which the numbers of left and right chiralities are not the same, type 
P anomalies are indeed present. 

It is of interest to study non-regular spacetimes containing singular submanifolds. Singular structure 
may arise from the matter localised on the surface or from the topology, example of the former being 
branes and of the latter orbifolds. In some instances, possibly after analytical extensions, these singular 
surfaces are equivalent to the conical defects. One notable example is provided by the replica method 
[23] for the calculation of the entanglement entropy (for reviews see 0(25]), in which one effectively 
(by analytical continuation) introduces the conical singularity on the entangling surface (which is a 
codimension-2 submanifold) with a deficit parameter a and calculates the linear term in the expansion 
in (1 — a). 

In the presence of a singular surface E the trace anomaly receives also surface contributions localised 
on E, an example of which is given by the so called Graham-Witten anomalies [26] • In d = 4 dimensions 
a generic cohomology analysis of the parity-even surface trace anomalies connected with codimension-2 
singular surfaces was performed in m- One purpose of this paper is to extend this analysis to the 
parity-odd sector and in this way complete the construction from m We also calculate the parity-odd 
surface trace anomaly in the important case of conical singularity in d = 4. 

Singular surfaces generally also induce surface contact terms in correlation functions of the energy- 
momentum tensor in the flat spacetime. In fact, as was observed in the case of the conical singularity 
in ESI , in the flat spacetime surface contact terms appear in the correlation functions one point lower than 
the corresponding bulk contact terms. This is an interesting property which may have some important 
uses in the future. We analyse and demonstrate this feature in the parity-odd sector on the two important 
examples containing a codimension-2 singular surface, (1) surface contact terms induced by the surface 
trace anomaly in d = 4, and (2) surface contact terms induced by the presence of the gravitational Chern- 
Simons terms in the quantum effective action in d = 3 when the singular surface is a conical singularity. 
We perform calculations using two methods, first developed in [25] and the second in [30]. A side result 
of agreement of the two calculations is a non-trivial confirmation of the validity of both methods in the 
parity-odd sector. 

J Our conventions are as follows. The Riemann tensor is au p = O ly T’‘ ty fj — ... and the Ricci tensor is . 

The energy-momentum tensor is defined by T M „ = 2g~ 1 / 2 5S/5g 111 ', where S is the action, and so (T M „) = 2g~ 1 / 2 5W/ Sg^ 
where the functional W[g] is defined by IT'['/I = In Z[g] = — In f T><j> exp(— S). All calculations in this paper are performed 
in the Euclidean time. 
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2 Bulk and surface trace anomalies 

2.1 Trace anomalies in general 

Let us assume that an otherwise regular (“bulk”) spacetime M with the metric g contains a singular 
surface E, for which in this paper we shall assume to be codimension-2. A consequence is that some local 
quantities get contributions localised on E. Let us focus on a trace anomaly of a CFT defined on such a 
spacetimep 

A u = 2S u ]nZ\g] = [ u, (T») (2) 

JM 

where Z[g] is the generating functional of the CFT on the spacetime with the metric g^, and to(x) is 
an infinitesimal local parameter of the Weyl transformation Sg MI/ = to g^. In the presence of a singular 
surface, the trace anomaly in general receives the bulk and the surface contributions, 

A U = A^+A^ , ( 3 ) 

which are local functionals defined as 

A^ = [ uA {b) 

JM 

A^ = [ wA (s) + f + ••• (4) 

JY J Y 

The dots • • • above denote the terms which include the second or the higher derivatives of to. Observe 
that in the case of the surface terms one cannot in general shift the derivatives acting on to to the anomaly 
density by using partial integration, as is always possible for the bulk term. 

In general, possible terms that can appear in the trace anomaly are restricted by the dimension, and 
by the consistency conditions. For the diffeomorphism covariant theories, in which the diff-anomaly is 
vanishing, consistency conditions reduce to 

S u Ao, = 0 , (5) 

where to is treated as an anticommuting variable satisfying 6 u to = 0. The “true” anomaly consists of the 
terms which are not exact with respect to 6 U , i.e. one has to subtract all the terms which can be written 
as SujC, where C is some diff-covariant density. 

Cohomology analysis of the bulk anomalies has been thoroughly studied and it is known that possible 
terms in A^ fall into three-classes: type A, consisting of the Euler densities; type B, consisting of the 
Weyl-invariant terms; type P, consisting of the parity-odd terms. In d = 4, the most general form for the 
bulk trace anomaly is: 

A^ = -^E 2 + -^(W^ p „) 2 +pP 2 ( 6 ) 

where a, c and p are constants depending on the CFT in question, E 2 is the second Euler scalar (Gauss- 
Bonnet scalar), W^pa is the Weyl tensor, and P -2 is the Pontryagin (pseudo)scalar 

^ = R a p^R afi P a ■ ( 7 ) 

Here, £ A "' P<T is the Levi-Civita symbol (with components equal 0 or ±1). The first two terms in © are 
the type A and the type B bulk trace anomalies, respectively, which are parity-even, while the third term 
is the parity-odd type P bulk trace anomaly. 

As for the surface anomalies, the cohomology analysis is not known in such detail as in the bulk case. 
The situation is more involved as it depends on the dimensionality of E and also because building blocks 
include both extrinsic and intrinsic geometric quantities which complicates constructions. Again, surface 
anomalies can be divided in type A, B and P, in the same manner as for the bulk part. 

2 We assume Euclidean time, and so spacetimes will be Riemannian in this paper. 
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2.2 Codimension-2 surface trace anomalies in d = 4 

Let us now focus our attention on a particular case of the codimension-2 surface anomalies in d = 4, 
where E is a 2-dimensional singular surface. The relevant geometric objects include the first fundamental 
form (i.e. the induced metric) y^ and the corresponding intrinsic Ricci curvature scalar R, the Weyl 
tensor contracted with the induced metric W, the second fundamental form (i.e. the extrinsic curvature) 
K pva and the outer curvature pseudoscalar From the dimensional analysis, it is easy to see that 
higher order curvatures are irrelevant here. 

The cohomology of the parity-even sector was analysed and classified in m with the result that the 
terms with derivatives of to are not present and A ^ is built out of the following densities: 

(type A ): Ei = R (8) 

(type B) : W = y^y™ W pvp<T , (1 C pva f = (.K^ a ) 2 - ±(. K a ) 2 (9) 

So, the general form of the parity-even surface trace anomaly in this case is: 

K E) )even = / "Ml + k * W + k 3 (C^ a ) 2 ] (10) 

where k a are the coefficients that depend both on the theory and on the properties of the singular surface. 

We want to complete the analysis by finding the most general expression for the parity-odd (type P) 
surface trace anomaly. Now, it is not hard to see that there are just three linearly independent candidate 
terms which have the proper dimension: 


/wfi , / uj^K„ 


rK u 


and 


[ e a P V c 


K b 


( 11 ) 


JT. J £ JT, 

Here e a/ g is the binormal on E and is the outer curvature pseudoscalar, defined on E, which is obtained 
from the outer curvature tensor VL pl , a p througlQ 


n = \^ vaP n IJm B 


( 12 ) 


The first and the second term in CD indeed satisfy ©, but the third term does not and it drops out. 
It may appear that there is one more potential candidate 


pupa a. S A k n 
t Ip Iv l * p n a lx ap\n 


(13) 


where n pv = g pl , — y pv , which indeed satisfies the consistency condition, but it is not independent and 
so we leave it out. One can see this by using the Ricci equation 

= 7 “ yi n x p < R a p XK + K prp K v \ - K pTa KJ p (14) 

which contracted with the Levi-Civita tensor gives 

e M " P<T 7“ it n X p K = 2 SI - 2 a (15) 

We see that the candidate m can be written as a linear combination of those in CD- 

3 The mathematical definitions and properties of these objects can be found in 1311I32| . In our notation the extrinsic 
curvature is K pup = Vo-T/^p- The outer curvature Qpvpa is defined using (D P D U — D U D P )X P = SlpvpoX* 7 , for X^ 

normal i.e. ^ V X V = 0. Here, the derivative D is defined to act on normal vectors as D P X U = 7 ^ a n u P'V a Xp, and on 
tangential-normal Xp a (where n p PXp G = 0 and 7 P CT Xg £T = 0) as D p X up = 7 / > 4 Q! 7 i/^n p £T VaXp^. 

4 Note that has only one independent component, so Q contains the complete information about the outer curvature 

tensor. 
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So, our final result of this section is that in the parity-odd sector there are no terms containing 
derivatives of u>, and is built out of the following two terms: 

(type P) : Q , (16) 

which means that the general form of the parity-odd surface trace anomaly in d = 4 on 2-dimensional 
singular surfaces is given by 

(4?) odd = J 'w + k e^K^KSp) . (17) 

Again, the coefficients k\ ^ in general depend both on the theory in hand and on the properties of the 
singular surface E. In the next section we shall calculate them for the particular case when E is a conical 
defect surface. 


3 Surface trace anomalies for conically singular surfaces 

3.1 Conical defects 

We want to present an explicit example where the type P surface trace anomalies are present, and for 
this we take an important example of spacetimes with conical singularities. 

We assume that in otherwise regular d-dimensional spacetime M. o with metric g IJV a conical defect 
with an angle deficit 27r(l — a) is introduced in a standard fashion such that there is a (d — 2)-dimensional 
singular surface E (the “tip of the cone”). The spacetime with a conical singularity is denoted by M a , 
and the singular surface E by C. When necessary, we shall use the local coordinates x 1 *, p = 1,..., d in 
which E is defined with X\ = = 0 and the conical defect is described by having an angle deficit in 

X 1 -X 2 plane. 

We shall be interested in the integrals over A4 a of local functions F of the curvature scalars constructed 
out of g Ml/ , Levi-Civita tensor e Atl ... Atd , Riemann tensor R^ uprj and covariant derivatives V M . It was shown 
in 133) that in the leading order in 27r(l — cc) such integrals can be split into the bulk part (integral over 
Mo) and the surface part (integral over E) by using the following formula 



[ F +2tt(1 -a) [ \ 
Jmo Jc y 


dF 


f) D 




d 2 F 


C^/XlplI/lfTl 9R/j /2 p 2l y 2(T2 J r 


K t 


PlglAl 

Qr + 1 


[(^MlM2 


Tl'l/t l/o € 


Ml M2 c 2^1^2 


) n XlX2 + (n Ml/i2 e VlV2 + e Ml/i2 n VlV2 ) e AlAa ] | + 0(( 1 - a) 2 ) (18) 


Summation over r and the definition of the parameter q r are explained in (33) . As in our examples F 
will be linear or quadratic in Riemann tensor, we can put q r = 0. We shall be interested only in the 
lowest-order correction in the expansion over (1 — a). 

It is useful to introduce two orthonormal vector fields, nW, a = 1,2, which constitute a basis in the 
subspace of vectors normal to E. Then one can write 

2 2 

= J2 n (a) n U ’ X) n U n h £ab ( 19 ) 

a =1 a,6=1 

where e a b is the two-dimensional Levi-Civita symbol. Using this it is easy to prove a useful relation 


tpi/tpcr — TlppTli/cr ^pa^vp 


( 20 ) 
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3.2 Conical trace anomaly in d = 4 

We now focus on the CFT defined on the four dimensional curved spacetime M a which contains the 
conical singularity located on the 2 dimensional surface E = C, as described in the previous section. 
As the trace anomaly © has a purely geometric description in a regular spacetime, we assume that it 
preserves its form also in the presence of the conical singularity, in the sense of the regularisation of the 
spacetime already implicit in Dong’s formula (1181) . This means that the integrated anomaly is given by: 

•Au = J u +—(Wfj, vpa ) 2 + pP 2 S J ( 21 ) 

We want to extract the surface contributions to the trace anomaly. In the cases of the type A and B 
conical surface trace anomalies the results are known and can be found in [TTlHIo] . Here we shall complete 
the analysis in d = 4 by calculating the type P conical surface trace anomalies. The easiest way to 
achieve this is by applying Dong’s formula (fT%l) on m ■ A tedious but straightforward calculation gives 
the following result 

(^ C) )odd = 47TP (1 - a) j OJ ( 7 “ 7^ n x p < R a p XK + 2 K pTp KJ G ) (22) 

The first and the second term separately come from the first and the second term in dD, respectively. 
By using (1151) we can write our result for the integrated type P conical surface anomaly in the more 
compact and suggestive form using just the outer curvature tensor 

Kf^odd = Snp(l-a) J c un (23) 

The pseudotensor D was defined in ED- Comparison with the generic formula ED for the surface trace 
anomaly in d = 4 shows that for the conical anomaly one has k\ = 87rp(l — a) and k 2 = 00 We see 
that in the case of the conical singularity, the parity-odd surface trace anomaly is a direct consequence 
of a presence of the parity-odd bulk trace anomaly, and is completely determined by it. As already 
mentioned, there is now a strong evidence [1DJIH] that CFT’s with chiral fermions indeed possess such a 
bulk anomaly. 

It is interesting to note that the outer curvature scalar Q can be written as the total 2-dimensional 
gradient, and so is in some sense an outer analogue of the Euler term in d = 2 (which is an intrinsic 
Ricci scalar) [3Tj . As the conical surface type A anomaly is purely given by the intrinsic Ricci scalar, it 
is maybe not surprising that the type P anomaly is given purely by 0. Moreover, Penrose showed that 
generally the spinor approach leads naturally to the construction of a single complex curvature invariant 
on 2-dimensional submanifolds whose real part is the Euler term (the intrinsic Ricci scalar) and imaginary 
part is the outer curvature scalar Q We believe that there is some interesting mathematics here 

worthy of detail studying, but we leave such questions to our future research. 


4 Correlation functions in a flat spacetime 


As is well-known, the local terms in the 1-point energy-momentum correlation function on a curved 
spacetime induce contact terms in higher-rank energy-momentum correlation functions on a flat space. 
Our definition of correlation functions in the flat space is such that 


(T/iii'i ( x i) ■ ■ ■ T ^ n i. x n)T pv {x)) = (- 2 ) 


5gv lVl {x\) 5g^ nVn {x n ) 


{T P i,[x)) t 


(24) 


— $fj.u 


Of course, if {T^ u {x)) contains both bulk and surface local terms there will be corresponding bulk and 
surface contact terms. Eq. ([Ml) is telling us that in the case of the surface contact terms generated by the 

5 Between the first and the second version of our paper a reference m appeared, with some results partially overlapping 
with ours. Though the motivation and notation are different, the results there are in agreement with ours. 
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surface trace anomaly in d = 4 one should expect from m and da that they will appear already in the 
2 pt energy-momentum correlation functions, while from ([ 6 ]) one expects that the bulk contact terms start 
at the 3pt functions. The fact that in general number of dimensions d, the surface contact terms start to 
appear in the correlation functions of one rank less than the bulk terms was noted in the reference m 
and then elaborated in m in the case of the contact terms connected with the parity even conical surface 
trace anomalies. This also follows from Dongs formula CHI), which we will use for studying parity odd 
surface contact terms. 

In this section we further demonstrate this phenomenon, of surface contact terms appearing “before” 
bulk surface terms in energy-momentum tensor correlation functions, on two examples. One example is 
the contact term in d = 4 connected with the type P surface trace anomaly, and the other is the specific 
contact term in d = 3 appearing when an effective action contains the gravitational Chern-Simons term. 
Let us emphasize that the correlators defined in EH) are, strictly speaking, not equal to standard T- 
ordered correlation functions. However, the difference is irrelevant for the calculation of the contact 
terms which we present in the rest of the section. 


4.1 Conical surface contact terms in d = 4 

4.1.1 Method 1 

According to (l24l) . the presence of the bulk trace anomalies in d = 4, given in (JG]), obviously induces bulk 
contact terms in the energy-momentum tensor correlation functions of the type 


(T pi „ 1 (x 1 )---T Pn „ n (x n )T?(x)) = (—2 Y 


5g IJjlV1 {x\) 5gP nVn (x n ) 


C T p Ax)) t 


(25) 




when n > 2. In addition, when the singular surface E is present one expects also that the surface contact 
terms are present. In the parity-odd sector we showed that in this case the trace anomaly is given by 


(( T p( x ))g) odd =PP- 2 {X) + (fci fi(a:) + k 2 e^K ppa K^ 0 ) & (26) 

Here 5s is the covariant Dirac (5-function localised on the 2-surface E. 

We shall now show that the term proportional to k\ induces nonvanishing surface contact terms in 
(E5|) also for n = 1 correlation functions. To calculate this contribution we use the relation (fl5l) and note 
that the term proportional to k 2 obviously does not contribute in (12511 with n = 1, because K ppa = 0 in 
the flat spacetime. Using the formula 


= ~(S afl 5 KV + 5p p 5^ v d K d ol )5 {i \x - x') + (g o v) - (7 o n) (27) 

and the fact that in the flat space R pvpG = 0 , we obtain 

(( T pv {x) Tp( x '))) odd = ~ki e plpa < n a p S s d^d^S^ix - x') + (/x v) (28) 

Now we choose the coordinates such that E is defined by x\ = x 2 = 0. Then, 5s = 5(xi)5(x 2 ) and we 
can take n ^ = (1, 0,0, 0) and = (0, 1 ,0, 0). Using all this E51) becomes 

((T p „(x)TP{ x'))) odd = -k 1 i p , a i„a5(xi)5(x 2 ) d a d a S ( ' 4 \x - x') + (g o v) + 0(( 1 - a) 2 ) (29) 

where a = 1,2 denotes directions normal to E, while a = 3,4 denotes directions tangential to E, and 
i and e are 2-dimensional Levi-Civita symbols living on normal and tangential space, respectively (the 
binormal and the volume form on E, respectively) 

£12 = 1 , Spa = 0 , £34 = 1 , Spa = 0 (30) 


3 ) 

5gP v {x) 
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In the special case of the conical surface trace anomaly we have shown that 

fci = 87 r(l — a)p (31) 

From the expression (1291) it is obvious that the correlation function is nonvanishing only if one of the 
indices /r or v is normal while the other one is tangential to E. One of the consequences is that the trace 
of CUD vanishes 

({T£{x)T"{x 0)) odd = 0 (32) 

As it was shown in [29j that the same is true for the type B anomaly, the only contribution to the trace 
of the n = 1 correlation function comes from the type A anomaly. 


4.1.2 Method 2 

As argued in [301 , there is a correspondence between the correlation functions on the flat space with and 
without the conical defect. This can be used to check the result from the previous section for the case of 
the conical surface trace anomaly. The correspondence is given through the relation 


V{0 i(xi)... On(xn))mc = {0\{x i)... On(xn)K 0 ) 


(33) 


where 


and the operator I\ 3 is 


V = - lim 


i da 


K 0 = -27r d d ~y dz 1 z 1 T 22 (z 1 , z 2 = 0 ,y) 


(34) 

(35) 


Here, the directions 1 and 2 are normal while the directions 3,..., d are tangential to the conical defect 
surface E, and y = ( 23 ,..., Zdj- 

Applying this to the particular case of the parity-odd contribution to the correlation functions of 
the energy-momentum tensor in d = 4 enables us to check the result from the last subsection by an 
independent method. From (1351) follows 


'P (( T p( x ) T ^{y))M a ) odd =-2 tt J dz 3 J dz 4 J dz 1 z 1 (TP(x)T^(y)T 22 (z 1 ,z 2 = Q,z 3 ,z 4 )) (36) 

For clarity, we denote the correlation functions on the spacetime with the conical singularity with the 
subscript C a . Now, from ([5]) it can be shown that in the regular flat spacetime one has 


(37) 


(38) 


(Tp(x) T^ u (y) T pcr (z)} 0 dd = 2p£ppa.p(d<jd v - 5 av d 2 )[d a 5^\x - y)d^5 (4) (x - z )] 

+ (p O’) + (jli v) 

where the differential operator inside the round brackets is explicitly given by 

r) f) r) r) 

d a d v - 5 a „d 2 = -—-8 av — — 

Plugging dSTJ) into m we obtain 

/ oo /»oo /*oo 

dz 3 / dz 4 / dzizi x 

-00 J— 00 Jo 

x {d 2 d v - b 2v d a d a ) d a S^ (x — y) dp6^ (x - z) + (/x o v) (39) 


Let us concentrate on the first two lines in (l39l) . Observe that /3 ^ 3 or 4 because of the integrations over 
z 3 and 24 , and /? 7 ^ 2 due to the Levi-Civita symbol, so it must be that /3 = 1. From this follows that y 




and a must be tangential to the surface of the defect, i.e., n = 3 and /? = 4 or vice versa. Moreover, it 
can be shown that v ^ 3 or 4 because of the integration over Z \. Taking all this into account, and using 

J dzizi-j^5(xi - zi) = 5(xi) (40) 

it is easy to show that (15E1) becomes 

V ((Tp(x)Ti*v(y)) Ma ) oAA = - 8 np£ lia i l/ aS{xi)S{x 2 )d a d a S {4 \x - y) + {p o- v) (41) 

where as before a = 1,2, a = 3,4, and the 2-dimensional Levi-Civita symbols are those defined in (IHU1) . 
From El and (l34l) and the fact that the bulk part of the 2-point correlation function vanishes in the 
limit a —> 1 it follows that integration over a gives in the lowest order in (1 — a) the following result 

((T£(x)T^(y)) Ma ) odd = -8tt(1 - a) pe^ a S{x 1 )S{x 2 ) d a d a 5 (4 \x - y) + (p o v) (42) 

where we have used 2-dimensional Levi-Civita symbols defined in El- As expected, the result is the 
same as the corresponding one obtained by the Method 1 in the Sec. 14.1.11 (see Eq. El-EDO- 

4.2 Conical surface contact terms in d = 3 

4.2.1 Method 1 

When 3-dimensional QFT’s are defined in a curved spacetime, expectation value of the energy-momentum 
tensor may develop a parity-odd contribution of the form 

(T^(x)) odd = ^ e aP( ^R a v) = (43) 

where C^ is known as the Cotton-York tensor. As the integer part of the coefficient w can be removed 
by adding to the classical action a local counterterm, which is the well-known gravitational Chern-Simons 
term, it is sometimes stated that w is defined modulo 1 mi It is known that in regular spacetimes the 
Cotton-York tensor is traceless and covariantly conserved 

<V = 0 , = 0 (44) 

so as a consequence (1431) does not contribute to the trace anomaly, which is expected from the general 
theorem stating that there are no trace anomalies in CFT’s defined in odd-dimensional spacetimes. 

Now we add into the spacetime a conical defect with the deficit angle 27 t(1 — a) in the same manner 
as before. By assuming that (l43l) is valid also when the conical defect is present, and using 

{Rfiv)c a = R/J.V + 27t(1 — a) Ss + (terms containing the second fundamental form) (45) 

which follows from Dong’s formula (fT51) . we obtain that for the flat metric g dl/ = 5^ 

((Tfin {x))M a ) 0 dd 


where in the second equality we used (15U1) and also the vanishing of the second fundamental form. Again, 
this expression is nonvanishing only if one of the indices is in the normal direction (1 or 2 ) while the other 
one is in the tangential direction (3). It is easy to see that (l46l) is traceless and covariantly conserved. 
This means that, as expected, it will not contribute to the trace anomaly. 

6 Arguments based on the path integral quantisation suggest that (i) the coupling constant of the purely gravitational 
Chern-Simons Lagrangian term in all odd spacetime dimensions is imaginary in the Euclidean regime, and (ii) the value of 
the coupling is quantised ESI- The parametrisation used in ns is such that the contribution to w from the Lagrangian 
gravitational CS term must be an integer [381 if the only restriction on the spacetime is that it is a spin manifold. 


= ^j(l-a)e a/} („ d' 3 (n“ } (S s ) 

77/; 

= — (1 - a)£ v ~a5 f _ ld d a [5(xi)5(x 2 )\ + [p v) (46) 
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4.2.2 Method 2 


For a CFT defined in a regular flat spacetime a consequence of fi3l) is mm 

(T^(x) T a/3 (y)) odd = e^ acT (d v dfj - 6 v/3 d 2 )d a 5 (3) (x - y) + (/z v) + (a O- /3) (47) 

iyz7r 

Now we can use the correspondence (l33ll to independently calculate the expectation value of the energy 
momentum tensor in a flat space with a conical singularity. In this way we obtain 

/ oo poo 

dy 3 / dyi y x x ) T 22 (yl, y 2 = 0, y 3 )} (48) 

-oo J 0 


By using 67D we obtain 
(T l _ ll y(x)K 0 ) odd 


j qn /*oo r oo 

--r7£ f i2a{d u d2-d u2 d 2 ) dy 3 dy 3 y 3 d a d (3) (x - y) 
J- oo Jo 

+ (/r -O ■ v) 


(49) 


Now, cr^3 and ^ ^ 3 because integration over 2/3 would be vanishing. From this follows that cr = 1 and 
one gets 


(T^(x)K 0 ) odd 


48 


8,j, 3 (d„d 2 - 5 v2 d a d a ) 


S(x 2 ) / dy 1 y 1 d 1 S(x 1 -y 1 ) 

Jo 


+ (/i z/) 


— S fl3 i I ,ad a [S(x 1 )S(x 2 )] + (m ++ *0 
4o 


where a = 1,2 and ds = S(xi)5(x 2 ) in the particular Cartesian coordinates we use here. Plugging this 
into (l48l) . using (l34l) and integrating over a we obtain that in the leading order in (1 — a) the final result 
is 


((^(^M,)^ = -^{l-a)5^ 3 e ua d a [5{xi)5{x 2 )] + {y^v) 

= ^(1 -a)e Q ^n“^fe + (/z <H- v) 

= ^ (1 - <*) e Q/3(M d 0 (n“ } c5 s ) (50) 

We see that the final result is the same as the one obtained by the Method 1, which is ffl. 


5 Conclusion 

The expectation value of the energy-momentum tensor on a curved spacetime may receive quantum 
corrections in the form of local terms. The well-know examples are the trace and diff- anomalies, which 
break the classical symmetries of the theory. In some instances, e.g. in theories in four dimensions with 
unequal number of left and right chiral fermions, the parity breaking gravitational terms appear. 

We have studied some consequences of the presence of singular surfaces for quantum field theories in 
curved spacetimes, focusing on the parity violating sector. In particular, we have studied a parity-odd 
contribution to the trace anomaly of the conformal field theories, which we dubbed the type P surface 
trace anomaly. By analysing the consistency condition we have found the most general form for the type 
P surface trace anomaly in four dimensions. To have an example at hand, we have analysed the special 
case when the singular surface is due to conical singularities, which are important in its own right, and 
obtained the exact result for the type P conical surface trace anomaly. This surface anomaly appears only 
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when the theory contains parity violating bulk trace anomaly and it turns out that it can be expressed 
fully by the outer curvature tensor, an interesting property which deserves further studying. 

In the second part of the paper we have studied, on the two examples, the influence of singular surfaces 
on the parity violating contact terms in energy-momentum correlation functions on the flat spacetime. 
One example consists of the surface contact terms in four dimensions connected with the type P surface 
trace anomalies. The second example consists of the surface contact terms generated by the presence of 
the gravitational Chern-Simons term in the effective action in the three dimensional flat spacetime. In 
the case of the conical singularity, we were able to perform calculations by using two methods, one purely 
geometrical and the other using the connections between correlation functions in the flat spacetime with 
and without conical singularity. The agreement of the results gives a non-trivial confirmation of the 
validity of both methods in the parity-odd sector. 

Generalisations of our analyses to higher spacetime dimensions are possible, as type P trace anomalies 
are expected to be present in 4 k dimensions, while gravitational Chern-Simons terms in effective actions 
are expected to be present in (4 k — 1) dimensions [51 11211TB] . However, computations become much more 
complicated so we left this to the future work. 
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